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ABSTRAGE
RN Sy

This report gives o mothod of handling tho finive difforenss equations
of hydrodynanios of compressible fluidse. Shocks ere avicmaticelly token care
of by the oxpolicni of inbroduoing a (real or £iotitious) aissipation ternm
wnich gorvos to make Hhe solublion continuvous across ‘fzhe shoclz fronte Tho
effect of this worn is 4o "crcor® the shook somewhsk, but tho Fugoniotw
Rankino conditions ere satisiiod and the enbropy incrscse is corrects thus
Vhe equations describe the moblon corroctly ezcopd for tho fine atructure

of tho shocke St2bility conditions cro derived and oro not wunduly severe.
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LR0SED ST, GALCUIATION O SHOCOES

INERGOUCTION,

As iz knowm fron the investipgations of vonifoumenn end Pelerls, and i‘roi‘n
Yhe exporianse of tho IBM group, the finlto-differones equations that are used
fox» rumorical solution of the differential equrilons of hydrodynamics of coie
prossib:_te fluids are capeblo cf giving on approximate reprosentotion of shockse
That is, if the caleulations avs ailowsd o px;-oceod with the difforenco egquations
as thougn no shoclk discontlnulvy wore present, the rosultes axo found o show an
epproximote discontinuity of conditions at epproximetely tho place where %ho shock
should ocow e.n§ roving ot approximabtoly the right sp:eed. Bohind the shook the
avorage density, prossurc end matorial veloclty are approximiely corroet, and
shore is suporposed on these an irroguleor motion that reprevents in o gense The
tharmal egitetlon of tho parbicles of the metorial that should rosult from the
shock hoetinge In nll theso rospects tho szloulation givoc approximrtely correct
rosulis for wook shocle, but not foir strong okos. For strong shooks it has been
oustomary to interrups the normal caleulating roubine ot tvhe discontinuiiy and
peeforn & apscial. caleulation ("shoclk~Pitsing” ) basod on the Renkino-Fugoniok
theorys

' In this rs»pf:z'iz wo considor nedificatlons of the standerd differencs equatiqus

waich, it is hepsd, will a:.‘.lgw thom to glve auliometically an epproximately corréck

ropresenietion of all shogks, wonl: or gbronr.

THE DIFTRRARWTIAL EQUATIONS .
Ve consider o one~dimensioral €low ond introduce ths following notetlounss
o lagirangeon coordinate » initial codrdinete of o givon mss point
(%) = coordirate, ot tims ¢, of a particle initially at 2,
Vi,t) & v, ..%.25 = spooific voluw
@i
7, 3 initial SpcCe vole {usoumed unifomia)
pleyt) or p(V,T) = prossure

T w T7,%) 5 tonporaturo

»
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W’
E = £i2,5) ov £(V,T) m dibernal srorsy of fluid per unit mass

Thon the difforonticl oquations sovorming tho contilnuous pert of tho rosion ara:

@ (% ) )x,;-.o

a2 .-3'.-.- az - é.g
(2) Vo 31'.? ox

and aro %o be taken in sonjunchion with Uho relations (assumed krown) botwoon p,& ,V,Ts
(¢) p = p(v.T) €= E(V,1)
Hrat oonduction and production terms, if prasent, would be on the wight-hord sido of
(1), but for tha prosent discussion tre asgumo thay shey vanishe Equetion (1) thon
moraly states thet the spocific ontropy is constent (Indepondent of +) at emch =, For
4his recson equation (L) is nok usually considered at »ll, in deeling with hydrodynamics

thout shookss. Tho entropy, which is arotheyr mum funetion of ¥V and 7, is simply
put eqgual ko its initial wvalue, and from this 'rola:'aion and rolation (4) for the
prassure the temporature T ie olirinated, leavins a einglo rolation (Yadiabatio")
betreon p and V which is ‘then ucfed dircetly in oonnockion with equations (2) amd (3),
Yo rotain eguation (1), howsver, because entropy chenges cannoct be neplosted when
chooks (oxcept weale onos) are prosente

At o sheek 5, p, and V ore discontinuous, and X has disconbintous derivetives.

Equations (1) ond (2) then no longor apply, end must bo replaced by sultable eguations
from tho Ronldine~Tugoniot theorye For examplo, if x u %o(%) 3s the ponition of tho
shock, so0 thot S = f'&:'?' ia tho ghock spocd, and subsorip§s iand don-oi:o conditions
imediately proceding and iwmodintoly Lollouing tho shock, respectively, than

pi':'pj_’
(5) F‘i" ef e —p— (Vi"vf) w O,
sud
(6) s%ovp? el i

)
Vo»v,. gide i

teko the placo of equebicnc (1) and (2)s
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e Pixat pz*oposap l!-@u!@-ﬁu!.!agag 'E, Rr paedifyineg dho usunld ealenlational

‘tochniquo was based on the obsorvafion that euustion (1) in intograted form and

cauntion {(5) can bo combined in tho Stieltjes-integral formmula
(7) &) ¢+ I .EM%P&;QA &V(5) = constent,

whers ¢ is the veirleble of invegration, end = is hold constans. The proposal was

%o replece equetion (1) by

() _‘c;%) - Pl 6 Jipltez, o4) av)?:'
z

2 o%

where %y is a small quentity, of the dimonsion of length, of the seme order off mogni-
tude as tho interval A usod in the mmerical inbogrations Afber e few test celou- ’
latiions, this proposal ves abandomgi, for two roasonse Tho firs% is that the irregulsr,
oscillatory motiion bohind the shook, femilier in the “"wvonlowwrnn msthod?, doserited

in tho first parssraph, was prosent with aboul the scme intensibty as in previous
celeulokions with tha umodifled equationa. These oscillai;igns arc updesireblo In
themselvos, becouse they aro qults violent for strong shocks, and furthermore they

malko 3% impossible ¥o inberprot the yresulis to determine whai;hex_' tho rola’cion? {(s)

ond (6) exre appreximasoly sotisfiod noross the shooks Socondly, equation (8},

boing invariant for change of t nto «b, can melm no distinction betvreen positive

apd nogntive shoolse This reversibility probably explains why the osecillations bohind
tho sheok wore not dompods the eutropy incroaso duwing the comprossion pert of the
oneillation is baltaced by an entropy decrease (sic) during the expansion perte This

Pirst propesel will uot bo disousscd further.

UNMRGY DISSIPATION,

I% was pointed out by vonNeuremn thalt what is clearly neoded is do take into
gccoun in tho equations tho Gissipative mchanism that operate in o physical shock
to convert mechanicnl energy irrsversibly inte heot energy. This is tho bosis of
the second nproposcls DExamples of such mohanisg:s ara conduo{;iot_t of heat from a

»
ragion, that hes boonh hoated by comprsssicn, to a coolor region, and viscosity.

!!!RO\/ED FO:;\"HPUBLI C RELEASE
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AQUINT WLLCCUL LAY WHUULLYU A SN . MMILT 2N CUIILIEUGUE PRrs DL Gliv DL L0

Tholr magnitudos dopsud ob the rates of chonge of physieel quantitios, so that in

s 2w

a shoeck thoy ave no longer uogligivle, becouse theve the vates of change are very
rapid. In fact, in tho ucual simplifiled picture of e shock a8 e diséon{:inuiw,
the rates of chango become infinite. Clomrly a recl shook has a £inite (though small)

thiclmess, so that quanbities do not chango discontinuwcusly, but revortholess at a
: Thoory of
very rapid rato. In fact, as shom by verious investigators {e.ge Reyloigh, .._.Smmyﬁ R
Re Boocker, - :
and 2sef, Hys.’ekmqgig 1923, tho thicknoss of the shock is controlled by the dicsi-

petive mechenismi, and edjusis itself auvkematically so es o pornit the dissipatilve
mochenismy to produce precisoly the eubropy ineronse demandod by the Hugoniol rele-
tions (5) and (G)s This is pob sweprising, boceuse the Hugoniot relations are based
on tho fundarental conservation laws of mass, orergy and romentume The dotails of )
tho dissipetive mochaniem influence tho thiclkmess and "finc structure™ of the shook,
buls not the na;b sosult of i;i:.
Thic suggests that wo should introducs a (real or fichitious) dissipative
meohanlen into our equations. The only requiremsnts on i% would sesn to bos
1« It should be stirong onougn to damp the oscillations that ocowr
immodliately bohind tho shock in the caleuvlatien . ’
2e 1% should not bs strong enough to heve on appreciable influencs
on the sontinuous pert of tho mobion.
3¢ The moitural thickrness thats it gives to the shook should not bo
nuch giroator than the intorval A< used in the pumerical caloue
lotion,
4, I% should nol interfero with tho atebility of the difforsnce oquaw-
tionz .
Requirements 1, 2 sud 3 would soem 4o imply that the natural thiclmoss given %o the
shook should bo of the order of 4% or slightly lerger, beceuse tho vavelengths of
tho osceillations obsorved is of this ;rdez' » ond the eonbinuous pard of the motion
© ls by definlvion those regions in which quantities change by only a smll fraobionsl

ameunt In one irborval of tho calculetion.

SR B an e
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131 PROPCSHD LOXATHONS [_

The form of dissipation proposed is dilatetional wiscositye In oquatlons

(1) end (2) wo roplace p by p - o H -%-g s vlhiore p ropiresents the equilibeelunm poary

of the pressure, o be caloulcted as bofore fron the temperaturo T and the speciflo
volume ¥, end the secord torm represenis o corroction to the presswrs that bends

4o resist changes of volurwe while thoso changes are takirg place, For the tiwme
boling wo reogord s as a constant, though later this will be nmodified. The equa=

tions then becores

2
0 S&+p Sl AZ)

and

Yo noxt showr that tho Hugoniot relaticns (5) and (5) follow from these

oquatlionss For this purpose wo oonsider o shesdy-stabte choosly, That s, wo consider

a motion in vehic‘h'e.ll quantities depord on x and ¢ Shrouwgh the combinabion

é » 7= 5% only, S boing tho spoed, in Iagrgngeo,n coordinaies, of the shocks
%o assume fwrthermora that the veriation of p, V, and & 35 contimous and mosbly
occurg in a smell interval of the warieblo g 2 o the right of this inberwal the
said variables have very nearly constant velues (tho inltial valvos); and to the

left of this interval they elso hava very nearly constant velues (tho final values),
It will be soen lator that our eguasions schually lead to o mobion of this kinmd in the

steoady state casse. Equabtions (9) and {10) nov teke the forms

. a€ , _av av\e
(-)-a-é'vpa-g @ - uS EZ) !
and
R I
A ~ o - ‘&"’:.‘- v 3 .
o ag° -V, £ g, ag

By inbtegreting (12) from é-’-’ ~a Lo g;g $ oo ond sething %V%: 0 at both limits,
we Dind )
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U LT T
oy (T3¥e) = ppPy
o]

whiioh agreos with (6). Intogration of {12) alse gives

]
P(g) = oonsbant ~ .3....?:. i_r(g) -t 8 é&:‘é

o

or

(15) plg) = py # S| V,V(E) | = a5 &
15 bg pi ? 5 g dg
]

and substitubion of' this oxpression Lo p(g) into (11) gives

2 2
sv*) a8 Lav

d& il Snmbemiuy R d
) st oy vE 9
o [+

Integrating (14 thraugh the shook region gives

2

8%v; 2

€& "‘Pﬁ %) (FeTp) = E (7P f) a0
(]

\ Y
wiileh ean bo wrdsten as

P
Cm ot .,’;;f; (%3-¥p) = 0

by use of (6 ), thus vorifying also 56)e o have shown, in other words, that the
eddod torms in (9) and (10) do not inderfere with tho conservetion lews of enorgy and
mumensume

For coloulabing the shock thickyess that vesults from these oquations, wo

spooielize the disoussion to a fluid obeying o relobtion

A
&= 2

vaere ¥ is e coustante By inbegraling (14) and diwiding through by V( g), weo finds

2v.
3‘5 A“”"{‘ ‘.m"mv OOIIS‘&
(s P TE) =

whare the value of theo constan: is
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0

Bliminoting p( g) from (13) and (15) gives for v(g) the diffcrential equation
av o
(17) -a-g sh=Weg,

vhero:

P 2V
(38) A-;érg: ¥ -m%‘- '3
4 .-avo

(19) B o 80G#)
E}LVO"

v 2
(20) € Soht oy 1) 24

Tt is roadily verifisd, by means of (5), (8), (18}, {29), (20), that the right hend
side of (17) vanizhes for VsV or Valp ond 45 positive for Vp<V<Vje Therefore

o solution of (17) has the general appearance of Fig. 1

v
A
2 e il el o =W LS
/
/
|
i
FES, —mgpenan-gpp-tutGUiiiSNEURY Y508
e (] .
> a N §
Figo l

{21) W 5 e

From (17) the maxirum slopo occurs uob

Vu¥e/f  and has the value A - 2yBC .

- o
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. , ‘é"“"“ .
rrcinosmors, vy =2 W OO

B

(22) T e 1"] M»Zt’l'}?

) A-2{BC

By virtwo of (18), (19), ana (20), this pives tho thickness in %orms of the initicl
conditions, the value of At nnd the shock strength.

_For strong shooks the oxpression (22) for the itniclmess w reduces approximately
%o 1/B, whioh varies inverscly as the shoelz spsed, ond honce goos Go zero ms the
shook strengbh inorenses indefinitely., For wonl shools, on the othor hand, (22)

reducos 0 we 2R, .. 80 thet the thicknose goos to infinity as the shock strength

doocreases O 26Yr0.

Cur aim is to obtaln a natural thickness of order 4% rogardless of the
strongth of the shock, and consequantly the above formulation hes to bo modifi?d.
As a guide in the modificotion wo solve (22) for srwith the help of (18), (19), and
(20) %o see hew u.would have to vary with shock strongth to give epproximately the
same thickness for all ghocks. The result in two limiting cases iss

, VawV.
strongs (Ve <<Vi) MR -?%?1- %52- Qél%’.}. ;:.Eé' .j‘.‘;_...f.
) o >

#1 s Sw Vi Vp

sroalke (vi--.vf«vi) A R T oz "'V{"‘
)

The last Teotor in the third momber of the oquabtion for strong shools is approximately
unity, by definition of a strong shoosk, and is inbtreduced mersly to make the expres-
sions more siniler. The dopendonce of those expressions on the shook strongbh is

oontained in the factors

S(Vy-‘vi-) RS Wl %g-

b

which sur-gests that in our formulation we should roplace the constand ; M-y somoe

4$hinzg proportionnl to aVL o ™geions yhove for strong awl woal shools feil
Taes

%
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0 oo, oy & dastor /b, on TR t<'=s on to resotrs

the disegresmon wo give priority to the stroug shoeoks (this is a purely nominal
deciglon, bocouse the opbimum value of w7, on wvhich the coefficisni depends, will

have %0 be found in any onse by Gosi coleulations ), and the finel formules ares

| 2
$1 1§ v
Mo B (%;) 5%

so that
SE v . l avf'
) 5% 'PaT €S
(2¢) Lo 9% ..5_2 1y 35‘ avl %y
LY R TR 3 ey
(25) where € ;:?%i ?4;%’ o Iu is expeotcd that the effective shock thickness
o'l

obtained from (23) end (24) will not very more than ebout by a factor 3 for the
entire rango of shosk strongthe

The Hugonlot relaefions (5) and (6) follow from (23) and (2¢) ir about tho
sore way that thoy aid from (9) and (10), )

Vs will nes gererally be knowa in edvance of the caloulation, except in ‘
problems where it is kmowm that all shocks run into proviously undisturbed mabteriel,
but in many problems it will n?verhh‘aless bs o i"e.i.r approximation to set Vi equai

%0 V, in the exprosaion for €, so that finelly,

mwr ¥

It 35 belinved that the added tveros in (23) ard (24) should be at least as
easy to ineorporate in a routinized oaleulation es the econventional shook fitting,
end furbhormore they aubomatically take care of all shock, whonevor aud wherover
they arise. Theso terms should have no apprecicble influsrce on the continuous pert

of tho mobion bocaugse of thoilr strong depondence on the rate of change of V.
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The optimm velve of v will havo %o bo ao{.o“nure& by irial ealeudadions. ¥

is expocted that it will tu“¥u.;;1o of ALe

THE DIFFERENCE ECUATIONS

FPor mmerical celoulations, tho system (23) and (2¢), togethor with (3),
rust bo formulated as differeneo eaveltlons. Considor a wiform reoctangular meeh
of points in tho x-% plane, wilh ooy &mﬁes X1 & s Spacings OHE and At .
end lot tho walue of any funotion P(x,t) at a mesh point be denoted by 1«1 F‘(xl,t“).
Supposo that at a coritein stage of tho calculation all gueatities aro kaoim for time
&7, and that in partioulaw, the values X of the coordinate X are lmown at the mesh
points, Then cloarly the wvaluos of the spocific volume V will have boen determinad
by straightforward application of (3) at midway points, (;{zz e & ), (ci‘. cque (29)
below)e Since p, ¥V, T,£ are all connsched by functional relations (4), it is
nesural to suppooe that T and € will also be lmown at midwoy points for time tM.

Then the dif'feronce equobtions can beo writteon as:

v

¢ S,
(27) 130’% ~ P\V”%a 1‘;&%)

xn"' “Jux-’?._:’ n“l 9 v < vn - ““'_::- - vn"l
(28) - 2 % Hrdn t 26 ‘sz&%*g..% gy 4%
°  (axf ax 24
. - Vnul -yl
v;*% -
AHX AL
ndl | xn‘].
n¥l Ae1 "8
(29) Ve = Vo S0y
nyl 1 L 3
(s0) 2 ‘6 22 "f:.gi - V},;é ‘iji VE-P*’

ndd 1 ntl,
(s1) g = ,5@% . %1_)
and are to be solved, in order, for Pf.t-?; (£= 0,1,2, 4.2 XE'I (£ = D3Ls2500e)s
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coidition 1s, of ccurse, wsoded for tho lirst end for the last walue of ,l.) As
soitben, equations (28) and (20) are not corroet %o second order in 4At, and canuot
be so mede without rendering their coluiion much more difficulte In some problems
the systen can be so rewritten as 4o make tho most importan!: Yorms correct o second
order b}; using txp"_acif.‘ic entropy S, instead of temperature T, as a depsndent variable,

S z S{V,T)» Then {30) and (31) are replaced by

sn‘g‘l..sn +1 3
(s2) @, £ Jaj?;:gvns ;:,'
and
(s3) Sjir =S <‘“" )

nl g o nl g o .
ond are solved for Spu% (fe0,1,2,000) and Tyt (fu0,1,00.) rospectivelye

STABILITY OF DIFITRENCE FQUATIONS,

It is woll mowmn tl_mt for the continuous pert of tho mobion, where the
dissipation is negligible, the difference equatlions mey undor same ciroumstances
bo unstable, in tho sonse that small errors intreduced et one time, 7, (for
exonple, errors {hat aro unavoidably introducod by the use of f£inite differences)
appoer amplified at ench now oyole of the calculeticn until eventually nothing bub

gibberish remalinise The condition for stability is that the quernbtity

ghould be less tlen unity throughout the caloulation, where ¢ is thw locel adiabetic
sound speed and AL iz the intorvel of the Eulerian coordingte X corresponding to
the interval QA% of the Lagrangean coordinete .

It might be hoped that this situstlion will not be seriously altored by the
prosonce of the dissipative terms, tecause these torns are Importent only in s‘.fwol:s.
end shosk: conditione reprosent only a smoll portion of the x-% planc. However, the

ropion cwered by shock conditions is by no means nogligible: The width of this

region (Le9ey tha thi chxoaa of the sh Yc) I6. 1ikely %o bo ab least 2 or S imes
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AX . tho shocl: specd is ICME the shoek, the “Courant

mmier" C, is not likely to be morc than eboub %, oo the mmber of oyoles AL
during shich a given wees point is under chock corditions is likely to be of the
order £ or rniore; any epprociablo am-liflcation of orrors et each of these five or
go oyecles may voll vo seriouse We shall theorofore exanine tho steblliby question
in a 1lititlo moro daleil, taking the dissipeitive terms inGo acoounte

Strickly spesking there is no gornral theory ef stnbility appliceble i;?
problens in whioh corditions ohenge rapidly fvom point to point: Inbultively,
ono can be sure that the owrall atrbllity oi"e. problem depords on sone sors of
avarape of the Gtsur{mt nwwber of its annlogue, bub vhot sort of average ls ine
volved is not cleor, and my oven depond on what oriteria are Loken for stability.
But %o get a quulltnbive iden, wo shall rrocoed as followse We £ind oub vhab
cona.it';one -~ procswes, densitics, veloelty gradients, ebte. = oxist in the shook
rogion, and investipgate what ths stabllity condltions wouldd be if these conditions
porsisied in a large rogion of the xet plane.

For the remainder of tho discussion we shell @eal with a £luid oboying o

"onmma lew™

(34) E - .ﬂ. &
s
ard vo shAll make uso of tho perticls veleocity u given by

'

o o OK
d:?{?l

whereupon the differential equabions bacers:

.

(6) %g-:%-g—;; ’

(s6) V-S{H- ¥p ”v‘nﬁiﬁ-: F=1)E 7y %“‘Zr )
and

(57) %-; %—3 - %&zevoz %—‘Z .é..;‘g
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in outiino, the caleulo Se i@ aasityo Hthnt o srall
porburbation is enperposed en the smoobh veriation of u, V and p, a8 indlenbsd
cohoratically by the substitubions '

Vemed B 4 6:1?

VsV & SV,

p—»p + 5 e
Tt is asswmed, heovover, that the pcrdurbation of u is not sufficiently pgreat to
a‘.u:?r the sim of -g:%]. tle tran obtoin linecer partial differontinl equaﬁ?ons f:}r
é.u, S and c{p by earrying out tho above substitutions in equetions (35}, (36),
ors (37)s We then look for solubions of tho_differenco equabiona, obtained there~

fron In apelogy with tho system (87) %o (31), of %*ho form
é g‘k - 12;' ew" Od.b
(38) Svaury N gt
$o = By Y- (G
Substitution of thoge expraessions iutio 'f:he differonce cquations lsads o a set.
off simultencous llnonr equations for W, Ny ard V.L . From this we olimipaste Uy s

Pys and V'._,_ and obtain an equation relating °~to /09 s ond contrining the intorval

#ires Afond Av. From this equetion wo dotormine whet rolation betweon AYand At

must bo meintaived in order thai the real pert of ¢ be woneposibive for all zeal )(f »

08 thi:; is clearly the condi%ion vhat disturbances of all sortc decrease, not ine
o'onse, as the caleoulstion prrocoedss ’Tho various torms of this equation contain )
various combinations of AX and O, end sinco we ave inborostéd in a £ias mesh,
wo drop 21l herms oxeoplt these of lowest order in the smell quantikios AYend &k
The oy torms vhich remein ore thoso tlint derive fron the first sorm, left ,. and
tho lest torm, rirght; in egmt-lon (27), so that wo cro dealing in offoet with a
sbability problom of Ghe eemo typoe as Thabt met in oconmsctich with diffwusion or
hook flowe This in in accord with the general principles that giebility is cffected
only by thoce terms of & partisl differentinl oquation conbeining derivatives of

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

hishost ordors Lut whon, os 1Mal with a system of equations

in geveral depeidsitt varimbles, it is porhops not immodickely ovident whish terwms

aro %o bo cousidored those of highest orders. For that reason we went througn the
parburbation salculation outlined ebovo and found that for stavility oonsidorations
we can drop the firat term, loft, in (37)s

With rospoot to the remaininz torms of (57) our differerce equations aro

of the Y&cplleit” type (s02 vonFoumama and Richtmyer, A Proposed Fumericeld Msthod

for Solving Partial Difforential Equetions of Ferabolis Typs, LA report Hoe. 657 ),

and the comditicn for stability is that the quentity

ozl 2as
oyl a%

ghould be less then waity throughoul the celoulatione

(39) Cy = 28 vo‘-"

Vo shall compare this quanjs:‘d;y with the "Couranr: number” Cy applicable in
tho con‘aipuous part of tho nmotlion, ond £ind thet Gho twro are of the same order of
magnitude, so that satisfying the conditlon Gy« in thoe shock should not be much
more diffloult thon setisfying tho condition 01<1 for the cmbinmuous part of tho
notlone

We rowritc (89) gpproximately by means cf

20) | 22 Qul 1| 3y s Ve
o) | 331 | Sz‘m-‘ff; 1 I
and
“ T W
(41) noSms -;-'2;-' »
o &

end find thed

Vel g
22) 0o - 26r31) L E. LI L SO0
(42) Cy = 2GrH1) &% T Av

& *

, -

Vo shell compare this with tho value C,.s assuwmed by €y bohind thoe shock, vhich is

tho nost critieal region for the ordinary Courant conditione. Ve haves
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G8) Cion ¥ M Rz T\ K3
Bliminating O%/AY. fran (42) and (43) gives the velation betweon Cp end Cipe
Vo also subatitube for § and pp from (5) and (6), and call

o ey

(44) »zly
{ ‘ff .

?is the compresslon ratio and is o moesurs of thie shoelz strengthe Tho resull is
, e
(¢5) = 2f 8¢ :(xi-l) Y ’7"1 4 1)

Sinco wo don't know the shocl: strongth in goneral in advaneo, wo maximise

(46} with rospect to 7 ¢ Ve do Imwr thet for real shooks » is almeys botwoon 1

;——4-'-; s 8nd in this indorvel the raxinum comes afb

(26) N =y = 5"“;8%

Vie obsoerve that 7 lies booveen 2 and 3. He can thevefore fimd a simpls inequellty

for Cp by observing that of the two faclors containing 9 in (45) tho firsh io'en
incrsasing and the second is o doareasing funetion of ? o 80 that by puiting 7 equal

%0 3 in the firch factor and 2 in the secomd, we £ind

< 41{‘ ¥ ow

C s sa e

To {llustrate; 1f Cy. = %o 3‘-‘-%5 5 8, omd ¥z L8765, O, might rise to soncthing
of the order of 3 at tho comber of the shoolk for a shock of worst velus of 7 (slightly
wnder 3)e This will lead %o tomporery amplification of errors in the shocke If o
assume that this situation will perslst ei‘fec!:ivoly Pfor about 5 cycles of the enlcum
laion in the neithborhood of o gi.mn point x, and that the everage value of C, over
thase fivo cycles can o tel-en as 2, tho omplifioation factor for errors of worst
pbssible wovelopghh, kA F =TS will e (2 Co - 1) or about 240, This is probadly

% ole*abla, i $ho drropularities of the notion wors sulfficicntly small prior o the
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W‘\"‘Sﬁﬁ“&x 4’ .
K M \if‘;

aerival of the shocke. But if w/A]& woro essumed o bo of the ordor of 6 instesd

18,

of J at the centor of tho shoek, the emplification factor might well bo of tho order

or 10°,
It zeema likely +hat tho svcoess or failure of this method of treeting shooke
will dopond on whethor we cen chocse w/ajpl larpe enough to make the dissipetive

Sorrs acconplish vhat was inbtended without incurring serious fnstabllity.
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