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ABSTRACT 
........ IJo ......... 

~is repl)j,"'fi givea e. ~thocl or handline; tho i'iuite d:l.ri'orono9 f'Jquations 

of hydro~'Uanios or conpi-assible fluids. Shooks ro."O e.U'iion-Atice.lly tC>..kon care 

which oarvoa to r.a'ke tho o oluuio:tl continuous across tho shook front. ~"1'10 

ei':C'ect o:f.' this 'Gorn is to n coc:u-" ·;;he flhook som.mTile.t • 'bu'u '\ihe F.ugoniot-

P.ankino conditions are ontiot:i.od o.n:i ·liho entropy ino:rec.sa is correotJ thus 

uhe equations ~eso~iba the ~ion oo:rroctly e~oopt tor tho fine atruoturo 

of tho sllook. Stability cor.di'bio:an 02'0 derlved and oro not undul¥ severe. 

.. 
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l1f?ROOUOTI01T • 
1 ...... 

~\s i.e 'knomt tron too invost~.en,tions oi' v~1rrou:!19.nn nnrl Peierlo, and from 

-'.;he expal•ienoo of ~ho !B?.t ~oup, ·ahe i"initeo.odi....l>f'o~~onea equa.tions tho.t 0.1~ used 

Pl'ossible fluids ara capo.'blo of giving a11 approA:ina.t<l !'ap:;:•aa~n\."'!).tion or shocko. 

Ttlat is., if the ea!euls.tions a.ro CJ.lla:rcd to proeood w:i:"h the dif'i'orGnco eq"t.W.tio)l;J 

t\s thotlgil no shock discontinuity wol"e p~·esent, the l"osults r.u•o i'ottnd to show nn 

~pproxi-~te discontinuity of conditions at appr~~~tely uho place where tha shock 

should oooU1'" a.nd moving at appt"~il!Jl1toly tho ri~h~ spsad. Bohind the shock the 

-:.here is supo~pouGd on the3e o.n iXT<)E;Illi.'.r 1:1ot:ton tMt 1repreoants in n sense th& 

thel't'lal a.gita.tioll or tho particles or the natoria.l that ehould result trcm tbe 

shook hoating. In nll theno ~ospa~~o tho oeloulation ~ivoc a~o7.~~tely correct 

ousto~~r to int~rl'rup'G tha nolWAl ee~:toulatinB routine £1.t tho disoclttinv.ity and 

pel"~o~ a. apacia.j. c:tlculation. (tt ~hoc1c .. fit-tiue;u ) 'OO.sod on ·alw Ra.nkino .. 'fiugoniot 

the0%'y. 

In this r.ctpol~t ua considor t:tcdifiaa.tions of tl1e sto.nuard di£ferenca eqootions 

w1tioh, it io hop~:d., mll n.llOVT ·~he:!l to giw autom"..;ieally an approximately oorr~~ 

1'1tE DIIi_'I·,_·:RT.._·~.-if.i';;.;;~;!J,_!\:..,.L EQUA'l'IOl~. --
"t-:: Iag;;t'tl.ngG~n COOM:i.nate ::t initial coorclino.te of' 0. g:lwn llDSG point 

X(t,1 t) :: ooor-d~.~te • c.t tit!:lo 'b, of' a. par·biole :lniti.a.lly at "/.; • 

V(., t) V' ax •A• , 'so,' = o "S~: :: spso:u·:a.c 'VO-~ o,... 
V 0 =:= init::.!ll ~pee. vol. (o.~:a.1.mad Ullii'o!'i~) 

p()!.,t) Ol' p(V"'l') :: proasuro 

T : 'r(r,t~ t} = taopol~a:turo 
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(l) 

(2} 

;n.· 
(S) V = V0 -~ 

d 'J!.· 
a:nd al."' -::o be 'tla.ken :ln oonjunc~ion with tho relations (ass~UGd kr.cmn) ootv:3on p.e, • v.~. . . 
(4) p :: p(V.'l') 

m~t aonduo·l;ion and production tormo • :1.r present, \7ould bG' on the riEbt-helld sido of 

(,.), bu'b for th3 pl"'sent disouesion we aasum~ thD.t tooy vanish. Eque.tion (l) than 

ma~ly- states th.a.t the spocifio ent1•opy i3 constant (:tndap<:laclent or t) e.-G eaoh z. FOl" 

this reo.son eq\xa.tiou (l) is not usually eonsi.de~'"ed at all, in dealing with eydrodymmios . . 
mthot.-t shooks. Tho entropy~ whioh is a:nothor lcnu.m functiou or V and T, ia aimp:cy­

put equal ·too its initial value. and i'ro;n this rolation o.nd relation (1) for tha 

prass~ the tomporatw•a T is olir:.ina.tod,. leavincr a ainelo ralation ('1adia.ba.tic") 

betv:een p and v· tthieh is then used di:roctly in conneC"1ion with equations (2) a.nd (3)o 

-r;e retain equation (1). homiwr, because entropy che.n&es oanno·i; 'ba neglaoted \lhan 

2hooks (except \'roC.k onas) a1~ p~oeent. 

At a shcck €, p. o.nd V ere discontinuot:s 11 and X has discontinl1ous det•i'Vfl.tives. 

Equations (l) o.nd (2) thon no longor apply" o.l'ld must bo roplaccd by suitable eqU9.tione 

i'rorll tha RfMlkil~.e-Tfu£SOi'liOt thG~""Y• For exanplo, if.' X ::: ~0(\:) is the poa;i.tion of the 
. d.,; 

shock. so thc.t s ::: -a.r ic the shock 31JOcc1~ and oubsor:lp~a i and ~ do11?to conditione 

:i.mtlcdiP..tel~, pN•cecling and U!T.:cdintoly tollcr,Tine; tho shock,. reGpootiwly~ th3n 

(5) 

an.d 

(6) 

tc.tca tl» pla.oo or cquc.tionc (l) o.nd (2 ) .. 
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2:1Je i'r:rii :pl10i10~aP €AJ..£Ji@l ukrahl~)Jf Jk. noJ i:ilyl.1v; 1:l1o usUD.1 ealeulo{;io~ 
·!;eehniquo \~as bo.~1od on tho obcorvn1;~.on that oqttation (l) in intar:;ra:t;ed !"Ol:'l!l and 

cC!i.'\tion (5) cnn bo eo>li>ir~d in tl10 Stieltjcs ... :ln.ter,A:"a.l fm.1 mult". 

(7) tCt) ~ rP.C:!::":!!>~.-:22 dV(t) = cons~e.)ll=~ 
nhoroe t is the val•ie.ble ~ i~:ilegra.tion.. e.nd x is h9ld OO'ilS'Cian·;;. The proposo.l t~e.s 

"o rcplc.ce equa.t:i.on (1) by' 

niter() x1 is a sJYI.all quantity' 11 or- the dimension of longth., or tho ssno ordar oe ma.gni­

'budo ns tho inte:.•vnl4""' tlGOd in th9 J.ltU.le"£"ic:ll int~:>graiiion. After a few test calou• 

lations~ thiB proposal wno aba.ndoncdt fo'!' two roasontJ. Tho first io tho.t the irre&UltU', 

osoillato1-y r.tOtio·n oohind tho shook, fE-.rniliar in the "'vonlToUlllnun mthodn, d<:>acrl.l:-~d 

in tho f:!rst pe.rs.gra.ph.., was praseu't> witl1 nbout tho sa.'11e intensity ns in previous 

et>.lcuhtiona \7ith th3 utm!odifiod eqwltiona.. Tll.ese osoille..'i.iions era undesire.blo 5.n 

ma1ro 5:i:o htpossibl~~ to intG:rp:ret too 1~osults to dotel"m1ne u'hatl1er the relAtions {5) . . . 
o.'n(l ( 6) t'.re appro::::tmo.toly sntis:t.'iod nerosn the shook. Soeondly ~ equ."l.tion { 8), 

being invariant for oll .. ·u1ge o'l t 1nto .....t~ can mt."G no clist:i.llotion 'bat\oreen positive 

11ud nogati~ shocl:s • Thia revorsibii.ity probably explains w}V the ocoillations behind 

~he ShOO'!!: 'VfOl'O 'nO'b ~d a tho entl•CI})Y' inc1•oa.so am.•in~ the OO'!!lpl"90S:lon pert of the 

t:mcilla'biOlt is balanced by an antl·o~· clecroaso (sic) durins the expansion pert. This 

:!~ir~ri; proposa.l will uo·li bo discU3scd :rm-ther. 

BUI::RGY DISSl?ATIO:I • 
........ w ... 

It tro.s poiJrtied out b'J vonl1e~nll ·that what ia olca.rly nescled is to taka ittt;o 

o.ccom1.t in tho equationa tho c1iasipt>.t:'i.:w ~ohanisna that opera:\io in n. physico.l shook 

to convert mecba.n:lcnl onerror irrc-vorsibly i\'l"Go h~ eool·w-... T"nis io tho basis ot 

·iihe oocol!d propom;,'l. EXB.mi.'les of auc:'l rnooh9.nisoo e.ra oonduotion of heat ft•an a 
~ 

=agion, that has b)on hoatod b.? co~prassion~ to a cooler resion, and viscosity. 
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Their lTJlgnitudos doponcl on tlw ~B"aes of' ch!'.n~ o:r. peysic!'.l qtt.antitios,. so that in 

o. shock thoy nre no lon~r ~!Ot~lic;iole,. becnuse thel"e the 1•atss oi' chan~o o.ra- vory 

ro.pid. In fac.-t, in tho usual oimpli:f'icd pictUI"c or e. shook n.s c. discontinui·ty ~ 

th9 rate~ o~ eha,!~CO beeolie infinite,. Cloe1•ly a real shock bas a finite {thougl\ small) 

thickness. so tho.t quan:'.;ities do no~; onan~ discontinuously, but nevor·bholess a.t a. 
. • Tboo~y or 

very rapid rato. In .£'act. as shomt 'by vc.rious invcstir;a.tors {e.g. Rs;ylel.{§t., _$.a\l!d j 

n • Doo!m1•, · · 
and .z~ .• f.'! •• Ptl¥.,G .. •. ~~..,.,3 .. ?~!! .. ~2 ... ~. thf> thickrwsa of the shook is coma•olled by tho dic:ai-

pe.tivo msebani8703- and. tl.djuots itself o.utcme".;ioally so na to parr.tit the disa:tpa-t.;ivt) 

ooo'hnnism to produce prociaoly the otmropy inoronsa demndod by the Husoniot rela­

tions (5) a.nd (6 ). This ie not sUl'prising, because the P.:u~oniot relations are be.aed 

on -:;}lo fundamntnl conservation la\'IG of mas~ or.er~ n1td momen'ln.un. The dotails or 
tho diaa:tpo.tive llDclJaUicm influc.mos tho thict"t'leSS a.bd "fine c·!iruoture" of' the shook~ 

bu·~ not tho net 1'·t3sult or iii. 

Th.ia aug~strs ths.t -wa should introduoo o. (re.:\1 or fiet:Lt"ious) dias~.pativa 

·. :nraolnnisa in"\>o out- equations. The only requiromnts on it 't'loulrl sean to boa 

1. It should. ba s'ta•ong onou&a to dru:lp the o:;oillntiona tha~ occUl" 

ir!%lodillt()oly bohit¥1 tho shock in th'3 oa.lcule.tion • 

2. It should. no·i:t be strong enou&l to he.vc e.n e:ppreoia.ble illflu~lla$ 

on ~he ooi:ltinuous plU't of tho mo·bion. 

3. Tho ua:i~ura.l uhiolmor:m tln\i it ~ives to the shook Ghould not oo 
rnuoh g~~eatm" than the intorva.l ~ ~ usocl in "isho nmoor:toaJ. calcu-

lo.tion .• 

~. It should not intel~rero \'t'.i.th itho 3tabilit-y or tho d1f£orauce oqua-

ilequirements 1. 2 o..ud 3 Vlould soem ~o mply that the natural thioknoas given to the 

shook should 'bo oi' the order or A~ or slightly larger • boce.usE> tho wavelengtlus or .. 
tho osoil1.ations c,bsorvad ia or th:i.a ordel' • and ·;;!w continuous par-'ll or the mot :Lon 

· :ls ~ ... definii#ion ·t;hoao re6ions in 'ffi1~.oh qua1l"'vities eho.nga by on:cy. a small traotiom.l 

tU!lount in one ini;e1rval of' tho oalcule'iiion .. 
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'.1.'!·'!-1 W,(\!>('S!iU t·:G,'(rl\'t'i:<nrs • 
_.......,.. ...... ... 411 -........... ·-··-

'l'lle i'om or dicsipo.tiott proposed is dil.flte.-t.ional viscosity. In aqw.tions 
dV. 

(l) C'.nd (2) tm :r·oplace p by p ":,fi -~ ~ w!wre p :t•epl~esents tho equilibrium ptU'i; 

o:r th& pressura 1 to bo cal.ottlc:toci e.s boforo f'~o111 the tempara~w·o T o.nd tl10 apee:ll'"to 

volU!ile V, c.nd th~ second torm roprGsen·an t4 correction to the pressure tha.t tends 

-t;o t•as:lat ahangl!:•3 o~ volUtD mila thoso elmne;as nre to.k'.sl!.t; pla.ce • For the time 

boinc '\'10 rae_;:ll•d .• ~ as a constant, though later this will ba nod:l£iad. ~he equa­

tion.~ then becmr.e: 

(
9

) ¥t• pi~= A:~tj 
and. 

We rwxt shou tha.t tho Hugoniot rele.tions (6) and (6) £oll0'3 fl"Dtl those 

oqco.tious. For ·!;his purpoae vm oonside:r u st~dy-state chook. Tlnt is, wo oonoider 

a motion in \'f11icn all q~ti'id.ea dapolld on :r. and t through tho oombil3G.tion 

i : %• S'b onJ~r. S boine tha spood.. in Iagr~go(l~n coordina-~cs$ or tho shock. 

v.·o o.sa'Ul'llG ~hEt:rmol"e tha'b tho vari9.'iiion of p, v .. and E ir. conJd.nuous ond rnos'bly 

ocoura in a mnall ime;:val of tha "ttlll"ic.blo g t to the rig!t"ii or thio interval the 

said vnria.blt>s h1lV& veey nearly aoru·tan·li valu~s (tho in:ttio.l va.l'l~os h and to tha 

left of' thia interval thoy also hs.V·3 vecy naai"ly cons·bo.nt values (tho f'ine.l values )0 

It will be seen la.t~r ~hat om- eqta·:;iona o.c~lly lead to o. motion of' this ld.bi in the 

sten.cly s·lie.te oas 1:). Equa:bions ( 9) end ( 10) n""' tFJ.ka tho fom: 

and 

s2 a2x. s3 av ~ ~ a2v 
( 12 ) v:- ":':'2" = "';""!' - = -~ -.)4- ~, :-:2 

0 d€, . v 0 dg ~ d,S • 

Blr ~-~~aeratinG (i.2) from & :; .. oo to ~::: +DO o.nd setting£!·= 0 o;i; both limitG_, 

v1a find 
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s~ li 2 !blAt CUE 53! 
-~ (iJ' .• .-vb) ... p -P/l vw :.. ~ - r :1. 

0 

\~~li.oh llgl"GOS with (G). it:rt;ogra-:.ion oi" (12) o.!so ~:i.VEJO 

s2 dV 
p~) :: onnsto.ut ... v "'2 vcy M ./' s q 

0 

O'Z' 

(15) 

and substitution of' this oxprcssion foro p(!) 1nto (11) t;ivos 

( ) dE.. _,_ ~ ,_ s2v") av s2 v i!V 0 
14 ~ T ~i 'P -,;02" ~ • ~0~;; 'd!::: 

by use or (s). thus verii7ing also (6). \'lQ mve ohmm_. in other words, tlmt the 

n.udod terms in (!J) nlld (10) do na;; :i.n~a:.4?el"e uith th~ conservation laws or enercg a~ 

nunentum. 

For oo.lou~lo:tiir~g ·:;he shook thickl:!.oas ~ha.-G results from. theoa equations. m 

spaoialit$o thG d:tsaussion "-;o a f'luiu oboyi11g o. reltruion 

,t:: .. • :e.! • ...,_if"! 

. n'Jl~t~~ ~ io e. conata.nt. B:t~ integrll·i>ine (14) und dividinc thl.~ough by V{ ~).- Vl9 i'ind s 

(16) 

\':h~:t9o ".-ho value of the oonstc.tr:r is 
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~lir.tino.tinr, p(S' £'rom (13) a.nd (15) ~iws for V(!) tho cli:f'fcrantial equation 

(17) 

(18) 

(19) 

(20) 

It is roadi]¥ wr3.i'il9d, by m€.'!na oi" (5)1' (6)41 (18)41 (!9). (20). that tho ri~t hand 

aido of' (17) vani.'3:bea i'cr V:V1 or V=".rr c.nd is pos1tiw for Vr< V<V1• 'nlere!'ore 

•. n solu'ilion or (17) MS tho gonoro.l o.p~nco or Fig. 1 

v 
v 

1 ---

Fie;. 1 

As indicated in thr3 f'igw:-3~ we taka the ei'tective thickness or ·bho shocl:: to be 

(21) 

From (l7) the ma.xir:rum slopo occurs u.t 

v :: t/C/D o.nd batl the value A - 2 (iso • 
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'· 

(2?.) 

By 'rlrt\10 ot (19)~ (19)- CU1(1 (20). this gives the tll1ct.1less in terms ot ·the initic.l 

aonrlitions. tbs value oi'..,/'l- nnd tho shook strength.. 

For strong shooks the expression (2?.) for the ti1.ial~ess ~r reduces a.pp1•oximately 

~~o 1/B. ·whioh w.r:les im;erscly o.s the shoe!: speed. n.nd hance goes to zero as tho . . 
shook strangf;h :t.nol"Elases indefinitely • For wot\k shooks • on tho othor mnd. (22) 

reducos to 2~-- so the.'t the thioknooo e;oos to intinity' as the shock strength 
~·(vi .. vi') 

dooreases to ze~o. 

Our aim ia to obt~:tn a. natura.l thicknosa or order 4~ rogardlass of th~ 

strength ot the ohook, and oonsequ~mtly tho ~bove i'ormulation ll~s to bo tlodif':led. 

Aa a euide in the modii'ico.tion m> solvo {22) i'oV'vrith the halp Dr {16 >. (19}. and 

(20) tD soo hCNT,...A. would ho.ve to vary with shock s-trength to g:t.~ e.pprox:imatoly the 

Sllll".e thickness i'o:L• nll ehoo'ks. The result in two limiting cnses ~.ss 

The last fe.otor :1.'1'1 the third momber oi' the equation ~or strong shoolcs is approximately 

unity. by definition of a. strong shook, and is introduced ooroly to make the expres­

sions more simil&~r. !rhe d.openrlonoo or th~Jse expreosior~ on the shook stronl:lih 1s 

contained in the :raeto~s 

t>~hich aun;eats th!l.t in our f'oriilUla.tion wo shoulcl roplace the oonste.n'U...)"-- ey sol:lO•• 

1;h!.ng proporbio~l to,,~! tor ctrong and ma.k ohoolcs ta.U 
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tho diso.grooomn~j vro c;ivo priori~J to tJw strouh shocks (this is a purely nor.tinnl 

dooiaion, booo.u:Jo the optimw.t value or u~ on trhich tlta coof'fioisnt clepand.G, 'Vtill 

have to be :round in any onse by ·i.;ast cnlculations). and th13 f'inv.l rormule.s area 

so thai; 

(23) 

(2~} 

(25) 'Where ( :::: a.;l -*· • It b expeotcd that tho 0ffectiw ahook thickness 
vo :1 

obtained trom (23) and (24) will noii vo.ry mol'e than c.bou'G by a !'Cleto~ 3 for ·t;be 

etdii:re ra~o of shook strength. 

Tho nugoniot rele."tions (5) 11ni (6) follm~ f1•om (23) and (24) in about tho 

st\n> way 'fih.llt tho:r did f'loom ( 9) and (10 ). 

v1 will nc..·it general~ be knorra in advance or th.o caloulo.tion. except in 

problams nbere it is ~~ that all ahocka 1~~ in~o praviously undisturbed material$ 

but in m~ problmila 1t \'lill n~ver-;;htlless bs o. ~c.ir a.pprox:i.mn3;ion to set v1 equfll 

·l;o V0 in the exprmwion ror ~ • ao that fine.lly,. 

(26) 

It is belif3vod tbat the added tel'CI.S in (23) and (24) should 'be o.t looa·b as 

~asy to incorporate iu a routinizad oo.lculo.t:i.on as the colwontional shook i'itttne. 

e.nd i'urthorrnore they e.uJ,;Olnati~lly im.ke care or all shock, vrllonevor and wherever 

they arise. Theoo tel"nS should hn.t"e no appl'eeic.ble ini'luenoo on the ocntinuoua part 

or th9 motion bc;,ce:~oe of' thoir strong depondence on tho rote or c:lw.n130 oi' v. 
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%~ a~o{:it:.tm v~lue of YT \·nll have to bo clo-bo~h:ec'l by -b-.!i.nl OA1eul4·Hons. .If; 
. . \ 

iB expected tha-t; it will of A')!.... 

Fo>.• numer:i.ct\1 celou~.tiona,. tho ayotem (23) a.nd (24) • together wlth (3) • 

rrust bo f'omula.'h~d ~s dii'ra~nco eqt.e.tions,.. Consid'3r a tmi:ro!'.l:l rooto.ngular mae~:l . . . , 

ot points in tho x-t plo.na. with cocl'?ins.tos xl• tll• spacings O.)t- and At, 

e.nd lot tho ~luo oi' e.ny funotiO\l F(x.-G) a.t a msh point be danoted 'by ~ ::: F(x1.tn). 

Suppos13 that at a ocrt~n ata.r;e or tho co.lottla.tion all quc.ntities aro kncr•m f'or tim 

tll s and tbnt in particular:.. the values ~ of' 'fiho coordina.te X nrc lmotm a.t the ~ah 

points • Than eloarly tho values or iillo spocitic volume V will have ~en determ~::1~d . . 
by straightfll~·d ~pp~:lce.tion or (3} o.t mid\'tay points. (X:..,.e.r-~• tl1),. (~ cqu. (29) 

belaJ). S:l.noe p., V,. '.C• E. are all connacted by functionn.l %"elations (4), it ia 

na'iim-c.l to suppoo-e tho.t T and e will also be knoml at midlm.y poiniis for t:t.me tn. 

Then the d:ti':f'eran~e equa:uions can be written a.s: 

(28) ~ 
vo 

'

_n ll .., .... l n··l1 
~b~ . .f. ~~ - ~~il- - ~~ 
~ F-

2At 

(29) 

(SO) 

(31) 

. . 

. . 

o.nd are to bo eol:o'ed,. in ordor, i'o:&• ~R-t-0 CJ:: o.l.2 6 ••• ),. xjt--l (.£::: O~tl•2•···>~ 
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aOl'idJ.tion is. o:C' ocurso, u.aodad ror thr::> :r'll-st e.nd i'o1• tho lnst "'I'BJ.ue of' ~.) As 

-.;;:itten, equations (28) and (30) aro not correct to Gecond order in .6t, a.nd ao.nnot 

be so mde w5.thout rendering their colu~don ruuch more difficult • In aomG problem 

the systett can be co rG\'n•itten o.s to mnke tho noat importtwt term correct to second 

S : S(V,~). Thon (30) and (31) aro replAead ~ 

(32) 
snfl ... sn I vn~l . vn 1

3 

.~.~:~_t..£.Jj :: € ~ .. "_tl_ 
4 {.6-1; ).., 

STABILITY OF DIF1'l':RI!:UCE F.QUATIOUS. - ~........._,.me ..... __._..........__ 

. . 

It is wol:L known that fOI" thu continuous ptU•t of tho motiou, where tm 
dissipo.tion is nosligible. the diff'oranca f'Jqua.tiona my undo:~" scrr..o c:i.roumstanoos 

. . 
bo unsto.ble • in 1;11'3 sonse tlm.t sma.ll errors introduced e.-ti one time • ·t;n, (for 

excmple. ~1'ro1•s i;mt aro Ull!.l.voidably introducod by tho uso or finite differences) 

appoe.r amplii'if'.ld at oaoh novr oyole of tho calculation until evenl:iually nothinr; but 

gibbar:l.ah rczraintl• The condition i'or stabilii:r.Y is tlw.t the quP..ntity 

,.. oAt 
"'l = ,Ox' 

ahould bo loss than uni:i;y throughout 'tilte ca.lm:tla.tiou, whore c is tbo local adiabatic 

sound speed e.nd AX i3 the intor,cl. of tho Eulerian coordinate X corresponding to 

the inter'O'al A'%-oi' the Lagrangean coordinate Xo 

It m~ht b-e hop3d tha.t this situation will not be seriously e.ltorod by the 

poesenco of the d.issipative tel'l!'.:'it l:ecause theGo tormn 81"$ importarxf; Onl\Y 1n ahool:s, 

and shook conditione reprooent on]¥ o. sma.ll portion of tho x-t plnno. RCNrever. the 

rocsion eovered by shook conditions is by no mea.na nogl:i.gibls: ~o uidth of this 

ror;1on (1.~., too tb.io'knooa in. likely to bG at least 2 or 3 tices 
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A%~ 'l:lw shoot:: s pectl is ·l;!1o s hoek_, ·t;ha "Courant 

nur:100~n 0
1 

is tlCI'(; lilooly to De r.lOl"G "ulm.tl O.UOtrb ?t, GO tho ltUtlUOS:O or cycles .0. t 

during YrM.ch a. p;:lwn mss point is under chock cot!d:ltions is like'l¥ to be oi' t.he 

:tn s. littlo 1'\01'0 d&·:.ail~ to.kin~ t:1e disaipe.t:t'l10 terms in~o o.C'.oount. 

Strictly upsa.kin~ thera is no go\"nral theo1•y of ctt'lbility Clpplica.blo to 

~o!1lot1s in Tthioh cor..ditions ohanp;o rapidly- i'l'"om point to points Intuitively-. 

ono cnn bo sure 1;ha.t tho ov.a:rall o·imb:l.lity or e. problem depoJ:ltls on some sor"ii or . 
a.7al~f1l of' the Cuurant number oi' its a.n{\loguo,. but •·f.ao.t sort of a.vera.&e is in .... 

volve'J is not olEto.l', and Jm.y own de•palld on vlim;:O oTiter:i.a o.re taken tor sta.bill 'f\'r • 

.D-~t to get a. qus.J.it!:l.t1ve idea,_ '\19 shall pooooed as ~ollows. fie f.'ind out wlltlt 

oo~itione - prGISSUl:'ea, donsitiGs• ~loe:lty grc.dients, etc. - exist :tn the shook 

ro8ion. and invasti~te what the stobility conditions would be ir these conditions 

For the rema.indar of' 'tho discussion we 3b&.ll ieal with e. rluicl obeying a 

n~ le.w" 

and mJ sn&.ll mk3 uoo or ·~o perticl~ velocity u gi-ven by 

. 
U 

ax =cr.r· 
'Whezoeupon the dif':l"srontis.l equntion.s boemrs1 

tl.nd. 

(37) 
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' . 

! 
~ nr .. :. • , 

perturbation is tm~liil"po:lod on tho zuootlt vc.rio.tion of u, V and Pt o.s indic::~.tsd 

sch:;r.a:\;ic!.'.ll~,.- by tha subGtitutiono 

u--~u.;. cS u, 

v-~v;. ~v. 

p-·•P .f. ap. 
It is o.ss~ad, ll~'V•'t>Wr. tha:ii the pcr:nn·OO.'bion or u 1s not suf'f':i.oie'il"bly gl'ea.t to 

nlt?r tho Sill'l or[-;f~. tie iib•n o'l;tl!.in lin<>er pnrUnl dit'f'eron:i;io.l equat~ons r'?"' 
J;"u, b~.f ~nd Jp by etU'l~ing out tho abt1V'e substitutions in equ«bi?ns (35 ). (3G). 

e.td (57). We ·iihcn look tor solutions or tho dii'faraneo equo:liious. obtained there .. 

i'ro!:l :l.n tlUB.lOB'Y \'lith too syatEll'!l (81) to (3l). ot "~ha form 

(30) 

;u = u~ e;,A'II- tSCJ..t 

&v :: v
1 

e~'~-- od,t 

c(p = P1 e~'t e~·-y -
SubGtitution oi' iihose exp1•aasions ittl;o the dii'i'eronco oqus.tions laa.ds to a aet 

t>i' simulte.uocus l~.no::u- equations f'or ~· p1 and v1 •. From this m ol:bnim-.te '\s 
p1 , and Vl and ob'l::tiLt an equa.t1oa relatirt.g ~toft• o.nd oontttining the intorvo.l 

~rir.ea .A;!.and At. li'J:'o;n tM.s equetion. vro egiiarnino vrhe."G rola.tion bei.•·weon A.-;, and ~ t 

l!~tl~'li oo r.a.illta.iuoo ill. o?der tba.t the real pe.r-:; o:i.' c(. be i.lon .. positive for all real ;If s 

o.s this :ls cleEU·l~, the eondi-f.don tlmt diaturba.noos or a.ll sorto decrease. not in ... 

<IG:'.Oa.se~ as the eo.l.eule.tion proCtJeda. Tho vo.rious torms c£ this eqWltion contain , 

various comb1na:i:iot~s or ~ "'t and At, nnd sinco roe QI'e intol""os·<sed in a. i':i.ns mesh. 

~o drop aU terms except thoae or la:; . .:>:.;t o.2'tlcr in tho amll quanti'bit3~.6,")te.~ At. 

Tho only ton:~S 'l"Jhi•)h rom:ln o.re tho so tlm.t derive 1'1·om ·tho fil•at "iiOm, lert • and 

too last term"' rigl.l.t~ in cqu...,tion (Z7),. so tha.t ~ nrc:> denlint; in ei'i"oct 1:1ith a. 
• 

11-:'!a.~ tlor.. 1~1s in in. a.ccord v.i'lih tho general principle .oo:;m.t s"ue.bility is o..i".i'eeted 
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with a. system of' equations 

aro to bo oo\'lSidared tho:::e or hi~hest ord<1r. For that renaon vre 'WGnt through tho 

perturba:liion oalculo.tion outlin-3d abovo a.nc1 f'o'UI:ld tho:ii i'ol" s·;;aoility oonsidoro.tions 

we oe.\'1. drop -the t:tr3·(; term, lert. in (37),. 

\'lith r-aspoot to tho rer.ninin3 torms o~ (:57) our diff'e.i. .. ence equntione are 

of tho "&cpl:te:lt'11 type (so3 vonNeUElUDn and RiohtnrfEu•,. A P.t'f?£~eclJ~1l!,CSrJ.op! ~~ 

tor= Solv'!,ng ,Pt\rf;~~1f.'i'al'e!l_:b!~l_l.:}lU!-ii~n!.2.1' ... ~9,.Qli<S, 1-':!P!• 'U. l"Gport Ho. 657 ) , 

nDi tho conclit:tr..~1 for stability' is ·!iho.t tho qunntity 

(39) o ... 21ev 3 1d-uf !Q! 
2- 0 ~. 4~ 

should be lesB than unity tl11•oughoul; the ooloulo.tion. 

t!o sha.ll <'ompo.re t!'l.is qun.nti ~;y \'li tl1 tho "Coura.nl; numbelr" C1. applioa.blo in 

tho continuous ptri of the motion. o.ncl find that -r.ho tt.1o are or tlle snt~e ordel" o:r 

lna.!ll'litudo. so tha.t satisfying t'he condition c2 <l in the shock nhould not; be J'llUoh 

rnol'"O dif.'i"iault '{;1,~.n sn.tisfo.{ing tho eondition C1<l for the continuous port of th:l 

mo"tiion. 

Yte rewrite· (S9) qpprox:lmtely by means cf 

and. 

(41) .J?. 
VT,;-

0 i 
• 

an~ rind tlte:b 

(42) 

• 
\'to shall eom~e this with tho V!llua eli', o.ssUi:lll9d by ~ bohin<l the ohock,. -rlllioh iG 

·l;ho oost critical rec;ion ror tha ordinney CoUt"e.n'\i acudi~i.on. \Te ho.ve' 
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r .. 

El:imi'tl::l'Gi::lf!: 4-ttA~:)!.. from (42) o.nd {43) gro~os the relation 001;-..:aon c2 and eli'. 

\Te also substitube ror s and Pr rro~·.t (fi) and {6),. and call 

(~£>) wit~ rospEXrl; to ' • ne do l..--tltl'\7 'that for real shooks ~ :ts o.l'\19¥S betwsen 1 

aw.i cr-t-~ and in thic intoMa.l ~he rruc:ltlun comas at iw't • ,...... ____ _ 
(46) 

3 ~ y9 ... 8 W'-l 
= m • 2 ••en 

\7e obsorve 'bhat ~1o lios bo·t."m3en 2 e:r.d s. \1e c9.n. tharoi'ore t1nd o. simple i.neque.liv 

for c2 by obsorn.ng that or the tlm i'ao·~oroo containing 7 in ( 45 ) 'Uho tirst io · e.n 

• incr~esing and "lil13 second is a. do1Jl~~3ing £unction or p , ao ·Ld1.0.t by pu·<;ting ~ «;tual 

to 3 in tho i':i.rct i'actor and 2 in th~ sooot¥1. ~e f'~.nrl 

fo illUSt1'lLte; :'Lf Clf ::ft. ;j. ::; 3, nnd. "Q: J.o375,. 02 i!li~t riGO to SODVthing 

of: too orde1.• of 3 at tho eoir10Gr or the shook for a. shock or uorst va.lue of ">; {slightly 

under 3}. !lhio m.ll lead to temporary ampl:i.f'ics.tion or errors in tho shock. I£ m 

nssume that this ~~i tuation will ps2•d.st efi'E~otivoly tor about 5 eyolea of' the cnlcu­

la·4ion in the nei(~borhood or e. g.i~n point x,. a.nd that the e.verar.;o value of c2 over 

1;'h'3se :tiva ~Joles ea.l!l bo tel:::en a.s 2:t the fU!lpli:i'ioation factor fo~ errors of' 't'tOrst . . 
5 

p osible 'rnl.velengi.;h$ kA;l:-rr; will co (2 ~ - 1)" or nboul; 240., !l'his is probably 

-t:' lei'abla, if tho iztl"G~lru.·i'iiios or the notion ·,'tOre sui'ficio:1tly small Fior to ·the 
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l . . 

ll71":i.vnl of' the shook. But if 'l't/":1- wo~·o essu::>:lcl to bo or tho ordor of 6 instead 

or ~ a.t tha ce·ntor of tho shock, the e..--:tplif"ico.tion :factor m.ie;ht well b~ or tho order 

of 10°., 

It seem:: likely tluxt; tho ot::ooeas or failure or this mathod of troo.ting shookc 

·will dopo-acl ou t<110tlwr wo can ohocse w/A~ large enou~ to tlake the disai~;ative 

'(jf:>ri:18 c.ecoopl:tuh \':h.at \"tas intondefl uithout :lil0ur1•ing aerious instabilit"J• 
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